ABSTRACT
INTRODUCTION
We consider the higher order resonant interactions of surface waves travelling over bottom undulations. The problem is similar to the second order case, in that waves are modified, i.e., exchange energy, as they travel over and interact with the nonuniform bottom topography. In higher order, however, unlike the second order, Bragg resonance can occur between waves of different frequencies. This fact suggests the possibility of generation of resonant waves with (much) higher and lower frequencies than the initial waves. Furthermore, when an incident wave traveling over the rippled region satisfies the higher order Bragg condition the resonant wave can be a reflected or transmitted wave. Bragg resonance can affect the development of the wave spectrum in the coastal regions and continental shelves (e.g. 1; 2; 3; 4) , modify the shore-parallel sandbars (e.g. 5), result in new wave formations that are of concern to, for example, ocean vehicles moored in shallow basins (e.g. 6) and affect the micro-seismic spectrum (e.g. 7) in places where bottom topography variation is appreciable.
The second order interaction of surface waves with bottom undulations has been studied extensively, owing to its importance in the formation of near-shore sandbars and the evolution of ocean wave-field in littoral zones. Regular perturbation analysis has been invoked to find the amplitude growth rate of the resonant wave at and near the resonance (8) . The result of this ap-proach becomes unbounded when the number of bottom ripples increases indefinitely. To overcome this, multiple-scale analysis offers a formulation that derives a uniformly convergent solution for the interacting wave components (1) . A similar result can be obtained by extending the mild slope equation to include the effect of fast bottom undulations (9) . By including higher-order interactions, in (10) second-order Bragg resonance is generalized to include third-order quartet resonant interactions of waves and bottom ripples, but only equi-frequency cases are considered.
Ocean generated noise contributes to the mid-frequency region of micro-seismic spectrum (7) . The spectrum has two clearly distinguishable peaks, at periods of about T 1 =14 sec (primary, 12-18 sec) and T 2 =7 sec (secondary, 6-9 sec), whose source is yet unclear (11) . Primary micro-seisms were recorded at north German coast and north Swedish station (Umea) coming from the entire north Norwegian coast, and secondary at northern Scandinavia, Norwegian coast, North Channel and the Bristol Channel (11) . Ocean generated micro-seisms were originally attributed to ocean swell, and a better understanding was provided when (12) showed how nonlinear wave-wave resonance can generate waves of half period. However, Observations of (11) suggest that the secondary micro-seismic wavefield is not due to wave-wave interactions near/at the storm center, but is possibly due to the interaction of incident waves and local geometrical structures. It is further conjectured that the transfer of ocean storm energy to infragravity waves facilitates the wavebottom interactions, resulting in stronger micro-seismic signals from certain geographical locations (13; 14) .
Higher order wave interactions in the ocean and the generation of new frequency resonant wave are of importance, also, to the loading conditions of moored ships. Loading and off-loading subject a ship to a regular change of its weight and depth to draft ratio, resulting in the variation of its natural frequency and hydrodynamic properties (15; 16) . Therefore even low amplitude waves at specific range of frequencies may result in a drastic motion of the ship, as is a concern for moored LNG carriers in shallow basins where such motions are synonymous with the strong internal sloshing if the tank is not fully filled (6) . Bottom Topography is already known to be a determining factor for the direction of dominant waves in such basins, and here we show its potential effect in disturbing the wave field by generating resonant waves.
Although the formulation of higher order Bragg resonance has been obtained in principle (e.g. 3), or has been given in some special cases (10), resonance possibilities have bot been worked out. Here we show a more general geometric construction for different classes of Bragg resonance and via illustrative examples supported by direct simulations show how higher order resonance can result in appreciable unexpected waves. These results may have direct implications in a safer design of offshore structures, more accurate estimations of the work condition of moored ships in shallow basins, and better understanding of ocean wave spectrum in shallow waters with a rough bottom.
Problem definition is given in §1, followed by a discussion on the Bragg resonance condition and geometric construction at the second and the third order in §2. In §3 a selection of relevant examples are presented and discussed. It is shown, for example, that regular sea waves can generate infragravity waves as a result of high order interaction with typical near shore sandbars. The case of oblique resonance is much richer in terms of numbers and types of possible resonances. For example it is shown that starting from a single monochromatic incident wave, higher order resonance can result in an accurate symmetric three dimensional standing wave in a finite time. This may have implications in three dimensional wave generation in towing tanks with one wave generating paddle.
Problem Formulation
We consider a potential flow with incident wave(s) propagating over non-uniform bottom topography, subject to the condition of relatively mild surface/interface/bottom wave slopes. Of basic interests here are the conditions involving the incident wave and bottom topology wavenumbers for a given water depth for which (generalized) Bragg resonant interactions obtain.
We define a cartesian coordinate system with x-axis on the mean free surface and z-axis positive upward. We consider a fluid of depth h and density ρ resting on a rippled horizontal bottom given by z = −h + η b where η b is the elevation of the bottom undulation measured from the mean bottom depth. We assume that the fluid is homogeneous, incompressible, immiscible and inviscid so that the fluid motion is irrotational. The effect of surface tension is neglected. The flow is described by a velocity potential, φ(x, z,t). The exact nonlinear equations read:
is the elevations of the free-surface and g is the gravity acceleration. For small surface waves over a mildly varying bottom topography η b , we expand the velocity potential (φ) in perturbation series with respect to a small parameter ε that measures the wave/bottom steepnesses which are assumed, for simplicity, to be of the same order:
Substituting (1.2) into (1.1), expanding the quantities on the free surface and bottom in Taylor series with respect to the respective mean positions, different order equations are obtained by collecting terms at each order m = 1, 2, . . .. In a regular perturbation approach, at each order, a system of linear equations (with all possibly lower order nonlinearities moved to the right-hand side) are solved successively to higher order starting from m=1. At m=1, the set of governing equations is homogeneous, and the eigen solution representing a free propagating wave can be written as
where ω and k represent the frequency and wavenumber of the wave respectively, and satisfy the dispersion relation:
where k = |k|.
Bragg resonances
Consider a right-going incident wave of frequency ω, wavenumber k and amplitude a propagating over a rippled bottom with the elevation given by
where d and k b are respectively the amplitude and wavenumber of the bottom undulations. At the second order (m = 2), if k ± k b and ω satisfy the dispersion relation, i.e.,
where the subscript r denotes the resonant wave, the interaction term is secular and the second-order interaction becomes resonant. As a result, a free propagating wave of wavenumber k r and frequency ω is generated. The initial growth of the resonant wave amplitude a r is given by:
for a long uniformly-rippled bottom. Under this condition, (2.7)
shows that the amplitude of the generated wave grows indefinitely over time. Equation (2.6) is called the class I Bragg condition. Figure 1 .a shows a goemetric construction of class I triad. Without loss of generality we assume that the incident wave k 1 moves along positive x-axis. Now a bottom topography with wavenumber k b can resonate another free surface wave k r , with the same frequency as that of the incident wave, if it connects the end of k r arrow to another point on the circle with radius r = |k|. This circle is in fact a horizontal cross section of three dimensional cone-shape dispersion relation at a given frequency ω. This geometric construction in fact gives the same result as of (10) . Class I Bragg resonance has been studied extensively: regular perturbation technique (8), multiple scales (1), mild slope equation (9), numerical validation (10) and with a more complicated incident wave field (17) . The resonance interactions occur also at third-order (m=3) involving quartets of propagating/bottom modes. These belong to two broad types: one consisting of two free wave and two bottom ripple components; and the other three wave components and one bottom component. The resonance associated with the former/latter quartet wave-bottom interaction is denoted as class II/III Bragg resonance.
To illustrate the class II Bragg resonance condition, we consider a bottom elevation which is given by the superposition of two ripple components of wavenumbers k b1 and k b2 . Upon carrying out the perturbation analysis to the third order it turns out that the bottom forcing contains terms pro-
. Class II Bragg resonance occurs whenever the wavenumber k − 2k b1 or k ± 2k b2 or k ± k b1 ± k b2 and the frequency ω satisfy the dispersion relation (1.4). Thus, in general form, the class II Bragg resonance condition can be expressed as:
The class II resonance condition (2.8) is identical to the class I resonance condition (2.6) if k b in (2.6) is replaced by the super-or sub-harmonic combination of the two bottom ripple components k b1 ± k b2 . Class II resonance is thus a direct extension of class I resonance to the third order. Similarly the geometric construction of class II is similar to class I with k b vector being replaced by k b 1 ± k b 2, and is shown in figure 1-b. In class III Bragg resonance, the resonant quartet is composed of three travelling waves and one bottom ripple component. To obtain this resonance condition, we consider the general case involving two incident waves of wavenumbers, k 1 and k 2 , and frequencies, ω 1 and ω 2 . Without loss of generality, we assume k 1 > |k 2 | > 0. Starting with the linear solution for the two free wave components and carrying out the perturbation analysis to the third order, the inhomogeneous terms contain expressions proportional to sin[(2k 1 
. If the combined wavenumber and frequency in any of these forcing terms satisfy the dis- persion relation, the associated wave-bottom interaction becomes resonant and a third free wave component is generated by the resonance. The condition for class III Bragg resonance can be written in the following general form:
in which k r and ω r represent the wavenumber and frequency of the resonant generated wave. Due to the involvement of three free propagating waves, combinations of wave components in class III resonance are more complicated than those in class II resonance. Graphical constructions similar to those of figure 1 can be formed for class III Bragg resonance in a general finite depth case for a) subcritical (i.e. ω r =ω 1 − ω 2 ) and b) supercritical (i.e. ω r =ω 1 + ω 2 ) cases, which for the interest of space are not shown here. In a subcritical case, for a given k 1 and k 2 (without loss of generality we assume k 1 = k 1î and k 1 = |k 1 | > |k 2 |), a bottom component k b that connects the end of the arrow k 1 + k b to the resonance circle forms a quartet class III Bragg resonance. The resonance circle is a circle centered at the origin and with radius r = k r = |k r | where k r is the solution to the equation D (k r , ω r ) = 0 with ω r =ω 1 − ω 2 .
The resonance circle never crosses the k 2 side circle (with radius r = |k 2 |), i.e. ω r < ω 1 − ω 2 . Note that since θ b and π + θ b form the same bottom topography, the θ b < π always chosen for the definition of the bottom wavenumber angle. In the case of superharmonic class III Bragg resonance, the resonance circle is always outside k 2 circle. A similar discussion as for subcritical case applies here for the geometric construction.
Results
In this section a number of representative higher order Bragg resonance is considered and potential applications are discussed.
In a two dimensional configuration, higher order (class III) Bragg resonance can contribute to resonant waves with possibly comparable amplitude to the original (incident) waves. In the presence of regular seabed undulations, i.e. O(10 − 100)m (see e.g. 18), co-propagating short surface waves can resonate regular surface waves for example, and counter-propagating regular surface waves can resonate infragravity waves. We further consider oblique cases when the possibility of resonance cases is much higher. It is shown that higher order resonance, via a biharmonic topography, can distribute the energy of a monochromatic incident surface wave equally in four waves (including the incident wave itself) resulting in a symmetric three dimensional standing wave on the water surface. Two examples of class III Bragg resonance are also discussed where a subharmonic long cross-wave is generated when two co-propagating surface waves travel on an oblique undulatory region, and, when two co-propagating surface waves travel over a perpendicular bottom topography form two (superharmonic) oblique surface waves which are symmetric with respect to the direction of incident waves, and hence form a moving egg-rack pattern on top of initial incident waves. Numerical simulations are performed by a Higher Order Spectral (HOS) method (see 10).
Two dimensional higher order Bragg resonance
Two dimensional class III Bragg resonance, when incident waves have non-equal frequencies, offers a viable mechanism for the generation of a variety of new frequencies that originally do not exist in the spectrum. Here we consider two cases of this kind and show that, via numerical simulations, the amplitude of the resonant generated wave can be comparable to the initial incident waves. Case 1. Resonance of a subharmonic regular surface wave by two co-moving short surface waves traveling over a regular bottom undulation. To illustrate this case consider, for example, λ 1 =10 m and λ 2 =15 m co-propagating surface waves in a shallow basin of h=5 meters, carpeted with a topography of dominant wavelength of λ b =44 m, which can excite a λ r =86 meter surface wave.
To numerically show the strength of this resonance, consider a long 2D basin such that all ∂/∂x = 0. To simulate wave interaction over such a basin, we consider a finite length of this basin L = 20λ r and apply periodic boundary condition at both ends at x = 0 and x = 20λ r . Initial wave amplitudes are respectively a 1 = 14 cm and a 2 =7 cm for wave 1 and 2. To nondimensionalize we take a length scale of L 0 = 274m such that the taken portion is mapped to 0 <x < 2π. Time scale is chosen such that gT 2 0 /L 0 =1. such that the amplitude of the resonant wave becomes comparable to the initial surface waves. If the simulation runs for long enough time, the direction of energy propagation reverses and the energy moves back, from resonant wave k r and wave k 2 , to the wave k 1 . Modulation in time has to continue should there be no other interactions. However, due to the other leading/higher order exact/near resonances, energy disperses over the spectrum after a while. figure 3-a) is partially due the assumption of 10 times deeper water. Nevertheless the short amplitude resonance generated infragravity wave with the period of T ≈ 30 seconds is long enough to be able to resonate LNG tankers. 
Symmetric three-dimensional standing wave generation by class II
A symmetric three-dimensional standing wave is generated when two perpendicular standing wave with no (or π) phase difference are superimposed on top of each other. Here we show that class II Bragg resonance can be used to generate an almost perfect such wave starting with only one monochromatic incident surface wave k = kî.
For this purpose, assume a bottom topography with two components k b1 =(k, 0) and k b2 =(0, k). The first bottom topography k b1 at the third order, when being counted two times, reflects a part of the energy of incident wave k 1 and forms a two dimensional standing wave with crests parallel to the y-axis.
, and hence is a resonant wave and will be formed. Interestingly, a similar wave but with opposite direction of propagation is also a resonant wave in this system: k − r =k 1 − k b1 − k b2 =(0, −k). Due to the symmetry the energy sinks from the incident wave equally into waves k + r and k − r which will from a standing wave with crests parallel to x-axis. If the resonance is strong enough, and the phase matching occurs, at a certain time the amplitude of both sets of standing waves are equal, and a symmetric three dimensional standing wave appears on the surface.
To numerically show this possibility, we consider a monochromatic incident surface wave of normalized wavenumber k=(5,0) with a bottom composed of k b1 =(5, 0) and k b2 =(0, 5) in a shallow basin of normalized depth h = 0.1257. Numeri- cal simulation shows (figure 4) that after a time about t ≈ 45T 0 , where T 0 is the period of the incident wave, the amplitudes of x-parallel and y-parallel standing waves are close. The graph is generated by measuring the (spatial) Fourier components of the wave field. If waves are progressive, the corresponding Fourier amplitude stays constant as long as the amplitude is constant. If standing, then the corresponding Fourier amplitude oscillates. The solid line in figure 4 is a push (Hilbert transform) to the curve corresponds to the resonant wave. The dash-lines are upper and lower pushes for the incident wave. Note that at the beginning the incident wave is a simple monochromatic progressive wave, hence no oscillation is seen in the Fourier amplitude. As the reflected wave forms (i.e. standing wave starts to form), the Fourier amplitude starts to oscillate and lower dash-line curve has to be introduced.
The three dimensional standing wave pattern at the peak of the amplitude of the resonant wave (i.e. t ≈ 45T 0 ) is shown in figure 5 . This mechanism can be used in experimentations in towing tanks with one paddle to form symmetric (or different) standing waves and offers another potential mechanism for the generation of standing waves in shallow basins that may help better understanding of the micro-seismic spectrum.
Oblique class III Bragg resonance
Oblique class III Bragg resonance can significantly affect the evolution of ocean spectrum, and contribute to the generation of new frequency waves. This is of importance in many practical applications including the operation of large LNG carriers offshore, yet close to harbors, where the water is shallow and waves are multi-directional (6) .
As an illustrative example here we consider a case in which, due to class III Bragg resonance, a resonant wave forms with its direction of propagation perpendicular to the direction of the original co-propagating uni-directional incident waves.
Consider λ 1 =10 m and λ 2 =18.7 m co-propagating surface waves propagating along the positive x-axis in a very shallow will be generated as a result of oblique class III Bragg resonance between waves of different frequencies.
To simulate this problem, we take normalized variables L 0 =24 m for length and T 0 =1.57 sec for time. Numbers of points along x-and y-axis are NDX=128 and NDY =64 respectively, and δt/T 1 =32 where T 1 is the period of the first incident surface wave. Figure 6 compares the surface pattern in a linear simulation with the simulation in which nonlinearities are taken into account (order of nonlinearity in HOS is set to M=4). Cross-waves with wavenumber k r = 5 are clearly seen, perpendicular to the crests of the initial incident waves. Figure 7 shows the measured amplitude as a function of time.
Superharmonic class III Bragg resonance happens when the frequency of the resonant wave is the sum of frequencies of incident waves. Consider two incident waves of wavenumbers k 1 , k 2 and a topography with the wavenumber k b . Assume k
to be a resonant wave too. In a special case when k 1 and k 2 are aligned, there is no preferred direction, hence energy has to be equally distributed between k + r and k − r resulting in a propagating pattern in the direction parallel to (k 1 + k 2 ) and a standing pattern in the perpendicular direction. The 3D pattern propagation then looks like a moving egg-rack.
As an example consider two incident wave with normalized wavenumbers k 1 =(8, 0) and k 2 =(5, 0) traveling over bottom un- dulation with perpendicular wavenumber of k b =(0, 12) in a water of normalized depth h=0.1257. In a sea of depth 10 m, these numbers are correspond to waves with wavenumbers λ 1 =100 m and λ 2 =62.5 m with a bottom wavelength of λ b =42 m. These two incident waves and bottom component satisfy the superharmonic class III Bragg resonance and since k b ⊥(k 1 + k 2 ) a double class III Bragg resonance happens. Figure 8 shows a numerical simulation of this case. Number of points along x-and y-axis are NDX=128 and NDY =64 respectively, and δt/T 1 =16 where T 1 is the period of the first incident surface wave. Figure 8a shows the surface pattern if no nonlinearity is taken into account whereas taking higher order (M=4) nonlinearity results in the generation of relatively strong oblique waves superimposed on the surface. The oblique resonant wave growth as a function of time is shown in figure 9 where due to the amplitude decay of initial surface waves the new resonant wave arises. However, the crests of the resonant oblique waves do not move in the y-direction. This can be seen from figure 10 where a top view of the wavefield is depicted for two relatively close times. With waves propagating in the x-direction clearly observed, the crests in the y-direction are stationary.
Conclusion
Higher order oblique and normal resonance interaction of surface waves with bottom topography is considered and a number of potential application is underscored via illustrative examples and direct numerical simulations. At the third order, two surface waves can be in resonance via two bottom components (Class II Bragg resonance), or, three surface waves via one bottom component (Class III Bragg resonance). Contrary to Class I and II, where participating waves in a triad/quartet resonance have the same frequency, in Class III they can have different frequencies. Therefore Class III can offer a variety of new possibilities for the generation of resonant waves, hence, affecting the evolution of ocean wave spectrum.
For the case of normal incidence Class III Bragg resonance two examples have been studied: regular ocean wave generation as a result of nonlinear interaction of two short surface waves with a regular wavelength bottom undulation, and long infragravity wave generation via interaction of regular wavelength surface waves and bottom undulations. The latter can particularly be important in the problem of resonance of LNG carriers moored in shallow basins near the shore.
In the case of oblique resonance, it is shown that the third order Bragg resonance can generate a symmetric three dimensional standing wave pattern from a monochromatic incident surface wave via a bi-harmonic bottom topography. Oblique class III Bragg resonance is also shown to have potentials in formation of long/short surface waves oblique to the incident waves if the incident waves arrive at the bottom undulation with appropriate angles. Real ocean surface is composed of a spectrum of waves, so is the topography. Therefore a variety of combinations, similar to those studied in this paper, may occur resulting in an accelerated energy transfer to other frequencies. Our considerations suggest that this energy transfer, which is solely due to nonlinearity, can in fact be strong and can deform or accelerate the evolution of the ocean spectrum; therefore it has to be carefully taken into account for a safe offshore design particularly in shallow basins and near shore areas with appreciable bottom irregularities. 
